We compare the theoretical predictions for universal thermodynamics of a homogeneous, strongly correlated Fermi gas with the latest experimental measurements reported by the ENS group [S. Nascimbène et al., Nature (London) 463, 1057 (2010)] and the Tokyo group [M. Horikoshi et al., Science 327, 442 (2010)]. The theoretical results are obtained using two diagrammatic theories, together with a virial expansion theory combined with a Páde approximation. We find good agreement between theory and experiment. In particular, the virial expansion, using a Páde approximation up to third order, describes the experimental results extremely well down to the superfluid transition temperature, T c ∼ 0.16T F , where T F is the Fermi temperature. The comparison in this work complements our previous comparative study on the universal thermodynamics of a strongly correlated but trapped Fermi gas. The comparison also raises interesting issues about the unitary entropy and the applicability of the Páde approximation.
I. INTRODUCTION
A strongly correlated Fermi gas is a ubiquitous system in nature [1] . It appears in high-temperature superconductors, quark-gluon plasmas, neutron stars, the early universe, and, most recently, in cold atoms. In the limit of infinitely strong interactions, the so-called unitarity limit, all strongly correlated Fermi gases are anticipated to share the same universal properties independent of the type and details of interactions [2] [3] [4] . An ultracold atomic Fermi gas has proven to be the ideal system to study such universal properties [5] [6] [7] , due to its experimental accessibility. By precisely tuning an external magnetic field close to a broad collisional (Feshbach) resonance, the s-wave scattering length a s can be made infinitely large [8] .
As a result of universality, these measurements, for example, the equation of state of an atomic Fermi gas, can bring us new knowledge on the structure of neutron stars and other inaccessible strongly interacting systems. Most importantly, these measurements can also be used to constrain the existing strong-coupling theories of many-body systems, whose accuracy is not known a priori due to the absence of a small interaction parameter. In the larger picture, and just as fundamental in importance, is that this system can provide insight into more general conformal field theories in three dimensions [9] and dynamical properties such as the universal quantum viscosity [10] .
Following the pioneering work of J. Thomas [8] , there have been enormous efforts to determine the universal equation of state of a strongly correlated atomic Fermi gas, both experimentally [11] [12] [13] [14] [15] [16] [17] and theoretically [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] . In the latest experimental developments, the universal thermodynamic functions of a homogeneous Fermi gas at unitarity (a s = ∞) were measured in laboratories at the ENS (Paris) [15, 16] and Tokyo University [17] . The universal function reported by the * hhu@swin.edu.au ENS group is the dimensionless pressure [15] ,
where ζ ≡ exp (−µ/k B T ) is the inverse fugacity, and P (µ,T ) and P (1) (µ,T ) are the pressures of a unitary and an ideal two-component Fermi gas, respectively.
In the Tokyo experiments [17], the energy per particle E/(N F ) was determined as a function of the reduced temperature T /T F , where N is the total number of atoms, F the Fermi energy, and T F = F /k B the Fermi temperature. In our previous work [32] , we determined from h(ζ ), in a model-independent way, various universal thermodynamic functions of a trapped Fermi gas at unitarity and compared these results with the most recent strong-coupling theories. A similar comparison for a homogeneous Fermi gas at unitarity can be carried out as well. However, in this case the conversion from h(ζ ) to universal thermodynamic functions such as E(T /T F ) requires the calculation of the derivative dh/dζ , which turns out to rely on the detailed behavior of the universal function h(ζ ) at different temperatures. The conversion is therefore model dependent.
In this work, we attempt such a model-dependent conversion, by carefully considering the physical behavior of h(ζ ) in different regimes of low, intermediate, and high temperatures. We introduce these physical arguments to eliminate dependences on specific technical approximations. The resulting homogeneous universal thermodynamic functions, together with the energy curve measured by the Tokyo group [17] , are then compared with the predictions obtained from two standard diagrammatic theories [26, 29] and a virial expansion theory [33, 34] combined with a Páde approximation. Very good agreement between theory and experiment is found. Remarkably, the simple virial expansion within the Páde approximation is shown to be particularly useful, providing a fairly reasonable description of all universal thermodynamic functions down to the superfluid transition temperature, T c ∼ 0.16T F .
Our comparison complements our previous study on the universal thermodynamics of a trapped, strongly correlated Fermi gas [32] . It also raises an interesting problem concerning the entropy: Can the entropy of a unitary Fermi gas at a given temperature be greater than that of an ideal, noninteracting Fermi gas?
II. UNIVERSAL THERMODYNAMIC FUNCTIONS FROM h(ζ )
To determine the universal equation of state from h(ζ ), the major difficulty is the calculation of the reduced temperature T /T F . This is equivalent to calculating the phase-space density
, where λ ≡ 2πh 2 /(mk B T ) is the thermal de Broglie wavelength and n is the fermion particle density. Using
where n (1) = ∂P (1) /∂µ is the density of a noninteracting system, it is easy to see that
where we have defined the dimensionless noninteracting density and pressure, respectively, as,
It is then straightforward to calculate various universal thermodynamic quantities in terms of the fugacity and dimensionless pressure:
The latter two equations result directly from the scaling relation P V = 2E/3, which must hold at unitarity, from Refs. [3, 4] , and [32] .
A. Dimensionless pressure h(ζ ) in different temperature regimes
Calculation of the reduced temperature in Eq. (2) involves the derivative dh/dζ , which cannot be directly evaluated from the discrete experimental data. One thus has to consider the detailed behavior of h(ζ ) in different temperature regimes, to obtain numerical derivatives that are physical and accurate.
At high temperatures (ζ 1), h(ζ ) is well described by a virial expansion,
where b 2 = 1/ √ 2 and b 3 −0.355 012 98 are, respectively, the second-and third-order virial expansion coefficients [34] . In principle, the virial expansion is applicable only for ζ > ∼ 1; otherwise, it may diverge. To overcome this divergence, we may use a Páde expansion, written as
where b
is the second virial coefficient of an ideal Fermi gas. This Páde approximation form may be used mathematically for an arbitrary value of ζ , although its physical applicability is an open question. We note that the determination of higher order terms such as the ζ −2 term in h Pade (ζ ) requires knowledge of the fourth and fifth virial ceofficients, which so far remains a theoretical challenge.
At much lower temperatures, just above the superfluid transition (ζ > ζ c = 0.05), the behavior of h(ζ ) was experimentally found to be compatible with Landau's Fermi liquid theory (FLT) [15] , although there is no solid reason why a unitary gas at low T will follow FLT. Under this interpretation, the pressure is given by
, leading to an FLT expression for the dimensionless pressure:
where experimentally ξ n 0.51 and the effective mass m * /m = 1.12 [15] . Below ζ c , the experimental data on h(ζ ) were shown to derviate from h FLT (ζ ), signaling a superfluid phase transition [16] . Assuming a wide critical region, we follow the analysis by the ENS group and write [16] 
where the critical exponent α −0.013 is obtained from the universality of the phase transition [16] . The parameter A 390 can be found numerically by fitting the experimental data on h(ζ ) using Eq. (9). We use these different expressions, Eqs. (7), (8) , and (9), for calculation of the derivative dh/dζ . To connect h Pade (ζ ) and h FLT (ζ ) smoothly, we further replace h Pade (ζ ) with a fitting form,
which gives the correct (k B T /µ) 2 dependence at small ζ as predicted by FLT [15] . By curve fitting Eq. (10) to the experimental data on h(ζ ) in the normal phase, we find that C 0.227 and γ = 1.40. In brief, we take the following analytic expression for h(ζ ):
In Fig. 1 , we compare the experimental data on h(ζ ) with the analytic fitting expression h AE (ζ ), together with h FLT (ζ ) and h Pade (ζ ). We note that, to convert the experimental data on h(ζ ) to universal thermodynamic functions, h AE (ζ ) will be used in the calculation of dh/dζ only, to minimize errors (11) is compared with the experimental data from the ENS group. We also show h FLT (ζ ) and h Pade (ζ ), described by Eqs. (8) and (7), respectively. Arrows point to the position of the superfluid transition ζ ∼ ζ c = 0.05 and the position ζ = 0.15. from using such an empiricial fit to extract thermodynamic quantities.
In this way, we can obtain the reduced temperature T /T F as a function of ζ , as shown in Fig. 2 . The inset shows the importance of the derivative term in Eq. (2), measured by its weight relative to the first term in brackets:
We believe that the above conversion from experimental data on h(ζ ) to T /T F is very robust at high temperatures. It is also reliable in the intermediate temperature regime where the FLT may work well. However, in the critical regime, just below the superfluid phase transition, there could be a significant loss of accuracy. This is evident from the ratio R, which shows a sudden rise at ζ ∼ ζ c , indicating an increased importance of the emprically estimated derivative terms. Therefore, better knowledge of h(ζ ) in this critical regime is certainly needed. We note that, compared to the chemical potential and entropy, it is the accuracy of the estimated energy that is most affected by the analytic fitting scheme, due to the strong (T /T F ) 5/2 dependence given in Eq. (5).
III. COMPARISON BETWEEN THEORY AND EXPERIMENT
Once the temperature is calculated for a given ζ , we convert h(ζ ) straightforwardly to the experimental data for the universal equations of state. Here it is necessary to keep in mind the potential inaccuracy of our model-dependent conversion, especially just below the phase transition. In Figs. 3, 4 , and 5, we compare this experimental data with the predictions obtained from two standard strong-coupling theories: the nonself-consistent Gaussian pair fluctuation (GPF) theory [26] and the self-consistent GG theory [29] . In the literature, the GPF theory for a normal Fermi gas is generally called the Nozières and Schmitt-Rink (NSR) theory [18] . Both the GPF and the GG theories are approximate many-body T-matrix theories, but they differ in the degrees of self-consistency. They are commonly used in the study of strongly correlated Fermi gases. For an overview of the theories, we refer to our previous comparative work [32] .
As we can see from the comparison, the agreement between theory and experiment is very good, except for anomalous behavior near the critical point. This is rather surprising in view of the lack of rigorous justification for the accuracy of diagrammatic theories at an infinitely large scattering length.
For the chemical potential (Fig. 3) , the GPF theory provides the best overall description of the experimental data, although there is an artificial first-order discontinuity near the superfluid phase transition. The GG theory seems to work a little better than the GPF theory at high temperatures (T ∼ T F ). However, it suffers from a systematic downshift with respect to the experimental measurements at all temperatures. For the universal energy function (Fig. 4) , we also present the experimental data reported by the Tokyo group [17] . A comparison between the two groups' experimental results (ENS vs. Tokyo) was already performed by the ENS group [16] ; for more details see, for example, the Appendix. One can clearly identify a discrepancy between the two data sets at T > 0.5T F . This is possibly due to the use of inaccurate thermometry techniques in the Tokyo experiment [17] . For T < 0.5T F , the two experimental data sets are in reasonable agreement. Here, both diagrammatic theories seem to predict a slightly lower energy, especially near criticality. There is no evidence of the first-order discontinuity of the GPF theory. At very low temperatures there is excellent agreement between the below-threshold GPF theory and the experiment, indicating that this approximation works well near the ground state.
For the universal entropy function (Fig. 5) , the selfconsistent GG theory gives an excellent fit to the experimental data. However, just above the superfluid phase transition both the experimental result and the GG prediction are slightly higher than the entropy of an ideal, noninteracting Fermi gas. This contradicts the naïve expectation that the entropy of an attractively interacting Fermi gas should always be lower than that of a noninteracting Fermi gas, since a more ordered state appears likely to occur with attractions. Further studies are required to understand this.
We finally check the virial expansion theory using the Páde approximation. The virial expansion has proven useful in the study of high-temperature universal thermodynamics [33, 34] , at low fugacity, ζ 1. The combined use of a virial expansion with a Páde approximation may allow the prediction of thermodynamics at higher fugacity, so that ζ ∼ 1. In Fig. 6 , we compare the virial equation of state calculated using h Pade (ζ ) with the experimental data.
The third-order virial expansion within the Páde approximation works extremely well for temperatures down to the superfluid phase transition, T c ∼ 0.16T F . This remarkable agreement over a wide parameter space in ζ is entirely unexpected, since the Páde approximation is not controllable and therefore its application cannot be justified a priori. The good agreement also makes the use of our fitting formalism, Eq. (11), self-consistent. As shown in Fig. 6 , the virial expansion in the Páde form predicts universal thermodynamic functions very similar to those predicted by the diagrammatic GG theory. We anticipate that the accuracy of the virial 
IV. CONCLUSIONS
To conclude, we have converted the universal function h(ζ ) of a homogeneous unitary Fermi gas, measured recently by the ENS group [15] , to various universal thermodynamic quantities. The conversion is based on a careful examination of h(ζ ) under different temperature regimes, combined with physical arguments for estimation of the derivatives. The resulting universal equations of state enable us to perform a stringent test of different diagrammatic strong-coupling theories [26, 29] . The agreement between theory and experiment is good, apart from discrepancies near the critical region. We find that just above the superfluid phase transition, the entropy of a unitary homogeneous Fermi gas appears experimentally to be slightly higher than the entropy of an ideal, noninteracting Fermi gas, against physical intuition.
We have also calculated the universal thermodynamic functions at all temperatures using a simple third-order virial expansion within a Páde expansion. We have found, suprisingly, that the resulting virial equations of state agree fairly well with the experimental data at temperatures as low as the superfluid phase transition temperature. More investigation is needed to understand the unexpectedly wide applicability of combining the virial and Páde approximations. (1) (T /T F ). Here, the filled circles show the ENS results reported in Ref. [16] , obtained by calculating the density n = ∂P /∂µ using a discrete derivative. We also show the experimental result reported by the Tokyo group (open circles) and the theoretical predictions from the GG theory and the virial expansion theory within the Páde approximation. In the normal state, the two theoretical predictions are surprisingly close to each other.
APPENDIX: NORMALIZED UNIVERSAL ENERGY FUNCTION
In a recent analysis by the ENS group [16] , the universal energy function was calculated from h(ζ ) by taking a discrete derivative for the density n = (∂P /∂µ) T . The details of how to take the discrete derivative are not explained [16] . In Fig. 7 , we compare their result (filled circles) with ours (open squares). The latter is calculated by approximating ∂h/∂ζ ∂h AE /∂ζ , as discussed in detail in Sec. II. We find sizable differences at both low and high temperatures.
